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Abstract—To match wireless users’ soaring traffic demand, spectrum regulators are considering allocating additional spectrum
to the wireless market. There are two major directions for the spectrum allocation: licensed (e.g., 4G cellular service) and
unlicensed services (e.g., Super Wi-Fi service). The 4G service provides a ubiquitous coverage, has a higher spectrum efficiency,
and often charges users a high service price. The Super Wi-Fi service has a limited coverage, a lower spectrum efficiency, but
often charges users a low service price. The spectrum regulator now simply allocates the spectrum to maximize its income,
but such an income-centric allocation does not ensure the best spectrum utilization by the users. This motivates us to design
a new spectrum allocation scheme which jointly considers the spectrum regulator’s income and the users’ aggregate utility by
investigating three market tiers: the spectrum regulator, 4G and Super Wi-Fi operator coalitions, and all the wireless users. We
formulate it as a three-stage game and derive the unique subgame perfect equilibrium. Compared with the traditional incomecentric allocation, we prove that the proposed scheme significantly improves users’ aggregate utility with a limited spectrum
regulator’s income loss.
Index Terms—Spectrum allocation, user utility improvement, three-tier dynamic game
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1

I NTRODUCTION

The number of customers using wireless broadband
services has been increasing dramatically during recent years. Such a demand will surpass the capacity
of allocated wireless spectrum for mobile broadband
services by as soon as 2013 [1]. To provide more spectrum resources to support mobile broadband services,
the Federal Communications Commission (FCC) has
decided to make 500 MHz of new wireless spectrum
available within 10 years for licensed and unlicensed
use [2]. In July 2012, the President’s Council of Advisors on Science and Technology (PCAST) of the
U.S. [3] further proposed to identify 1,000 MHz of
Federal spectrum for shared-use among commercial
users. The remaining key question is: how to allocate
these spectrum bands to different operators and how
to make the best use of these spectrum to improve
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end-users’ utility? It is not only a technical issue, but
also a complicated policy and socio-economic issue
[4].
There are two mainstream systems of providing
mobile Internet access: licensed cellular networks and
unlicensed wireless local area networks (WLANs).
The representative next generation technologies of
these two systems are 4G and Super Wi-Fi. However,
these two representative technologies are quite different.
• The 4G cellular system is based on OFDM and
MIMO technologies, and can achieve a high spectrum efficiency due to careful network planning
and efficient interference mitigation. Moreover, as
a cellular network technology, 4G can provide
ubiquitous Internet access. However, a 4G cellular operator usually charges a high price to the
end users to compensate the high deployment
and operational cost.
• Super Wi-Fi has a relatively low spectrum efficiency, as it operates in the unlicensed mode
and different networks or systems may share the
same spectrum without a centralized interference
management [5]. Furthermore, it only has limited
overall coverage due to a limited number of access points and regulatory power limitation1 . But
Super Wi-Fi can be easier to deploy and cheaper
to maintain than 4G [6], resulting in a low service
price. For example, China Mobile Hong Kong
1. Even with the Super Wi-Fi operating on the TV white space
(which has a better propagation property than the traditional
2.4GHz spectrum bands), the ad hoc deployment of access points
may still make it hard to achieve the full coverage.
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Fig. 1: Illustration of Three-Stage Wireless Allocation
and Service Model.
charges a monthly fee of HK$278 for 2 GBytes
of 4G data, but only a monthly fee of HK$38 for
unlimited Wi-Fi Service [7].
Users with different coverage requirements and price
sensitivities thus have different preferences over these
two services.
The FCC’s current practice is to reserve certain
amount of unlicensed spectrum for Wi-Fi service,
while auctioning the remaining spectrum to cellular
operators who bid the highest price [8]. However, it is
not clear what is the optimal amount of spectrum that
should be reserved for unlicensed use. Recent study
(e.g., [9]) has shown that an inappropriate allocation
of unlicensed spectrum may hurt the total surplus
of both operators and users. On the other hand,
the spectrum auction mechanisms [10]–[13], though
aiming at maximizing the total utility of winning
operators, does not guarantee that these operators will
use the spectrum to provide desirable and affordable
services for all wireless users. Hence from the social
persecutive, the FCC should not only interact with the
operators, but also consider the impact on the users.
Such multi-level interactions can be modeled by a
three-tier model. Existing works on three-tier models
(the regulator, the operators, and the end users, e.g.,
[14]–[16]) mainly concerned about how the operators
should lease spectrum to maximize their profits in the
market, without concerning about how the regulator
should allocate the spectrum to maximize a weighted
sum of its income and the end-users’ utility. The main
purpose of this paper is to fill in this important policy
gap.
In this paper, we formulate the interactions among
the FCC (the regulator), the 4G and the Super WiFi operators, and the wireless users as a three-stage
dynamic game as illustrated in Fig. 1. We assume
that all licensed 4G operators form a coalition when
interacting with the FCC; similarly, the Super Wi-Fi
coalition represents all the Super Wi-Fi operators, who
need spectrum for unlicensed use. In the rest of the
paper, we will use the “4G operator” to refer to the
4G coalition, and the “Wi-Fi operator” to refer to the
Super Wi-Fi coalition. 2 In Stage I, the FCC decides
the spectrum allocations to both operators. In Stage
II, two operators optimally price their services to
maximize their profits based on their limited spectrum
2. We focus on the competition and interaction between licensed
and unlicensed services. We will further study the competition
within each service in a future work.

amounts. Finally in Stage III, the users choose between the two services to maximize their own utilities
based on the service prices.
Our key results and major contributions are as
follows.
• Spectrum allocation with consideration of end-user
utility. The proposed three-tier dynamic game
model, which practically characterizes all wireless users’ utility and service choices, is helpful
for the FCC’s supervision of spectrum utilization
in end-market.
• Significant user utility improvement with limited
income loss. The proposed spectrum allocation
scheme, shown by simulation results, significantly improves user utility; while, by theoretical
analysis, have bounded income loss (compared
with the income-centric spectrum allocation).
• Price competition under different spectrum conditions.
We comprehensively analyze the price competition between different operators, given the spectrum allocation. We find that an operator will selfishly reserve some capacity unused and charge a
high price if assigned relatively large amount of
spectrum.
• Users’ service choices: We analyze how the prices
(decided by the operators) and capacity (decided
by the FCC’s spectrum allocation) jointly influence the users’ service choice. The proposed spectrum allocation scheme will lead to lower service
prices and serve more wireless users.
The rest of the paper is organized as follows. We
briefly review the related work in Section 2. The system model and key assumptions are given in Section
3. We describe the three-stage game framework in
Section 4. Then we use backward induction to analyze
the game, starting from the market response of Stage
III in Section 5, to the service competition game of
Stage II in Section 6, finally to the spectrum allocations
of Stage I in Section 7. In Section 8, we derive the
bound of the regulator’s income loss and analyze the
impacts of critical parameters. Finally, we summarize
our work in Section 9. Due to page limitations, all
proofs are given in our online technical report [17].

2

R ELATED WORK

Multi-tier game models for wireless markets have
been widely studied. Lehr and McKnight in [6] surveyed the competitive and complementary relationship of Wi-Fi and 3G technology. Niyato and Hossain
in [18] built a 2-tier pricing competition model between Wi-Fi and WiMAX operators. However, they
did not consider the regulator’s spectrum allocation
in a higher tier. Several recent results studied threetier models that involve the spectrum owner, the
operators, and the users [14], [15]. These prior results
focused on how much spectrum each operator should
lease or buy from the spectrum owners to maximize
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their profits, while our work focuses on how much
spectrum the regulator should allocate to Wi-Fi (for
unlicensed use) and 4G (for licensed use) considering
the utility of end-users.
Spectrum auction is a way of distributing spectrum
to different operators for licensed access [11], [13],
[19]. Usually the spectrum is auctioned for exclusive licensed use by the cellular operators. This will
not help users who want to use unlicensed wireless
services. In addition, spectrum auction usually considers the utility of operators rather than the users’
aggregate utility. However, the operators who value
the spectrum the most may not choose to maximize
the aggregate utility of all users, especially when the
operators have enough market power and the market
entry barrier is significant.
Spectrum is also reserved for unlicensed access.
Nguyen et al. in [9] studied the influence of additional
unlicensed spectrum on social welfare, but the user
demand function is a bit over-simplified. Furthermore, they did not make suggestions regarding how
spectrum should be allocated between licensed and
unlicensed ones. The follow-up work [20] established
a pricing model among unlicensed operators. However, the model did not consider the competition from
licensed operators, nor the spectrum allocation issue
of the regulator in a higher tier.
Our paper is different from the previous results:
1) we aim at addressing the spectrum allocation issue for the FCC, considering allocating additional
spectrum available for licensed and unlicensed use,
respectively; 2) we build a three-tier model, in which
the FCC not only cares about its own income, but
also the users’ aggregate utility.

3

S YSTEM M ODEL

3.1 Spectrum Allocation
We consider a regulator (referred to as the FCC for
the illustration purpose), who possesses S units of
spectrum and intends to assign the spectrum to wireless operators to satisfy their users’ increasing wireless data demands. In this paper, we only consider
two wireless operator coalitions: one cellular coalition
providing 4G service, and one wireless local area
network (WLAN) coalition providing Wi-Fi service3 .
Also, we focus on the additional capacity yielded by
the spectrum to be allocated to the two operators by
the FCC, without considering their existing capacity4 .
Let Sw and Sg denote the spectrum allocated to WiFi and 4G, respectively. The FCC has no intention to
reserve the spectrum for other purposes. Therefore,
Sg + Sw = S.
3. In the following texts, we use Wi-Fi to represent Super Wi-Fi,
for simplicity.
4. We assume that the additional spectrum to be distributed to
the two operators will not affect how they manage their existing
spectrum and capacity. We will consider the impact of new spectrum allocation on old services in the future work.

We assume that the FCC charges the Wi-Fi and the
4G operators according to the quantity of spectrum
allocated to them. The FCC charges the 4G operator a
total amount of φg (Sg ), and charges the Wi-Fi operator
a total amount of φw (Sw ). Both pricing functions
are non-decreasing in the spectrum allocation. The
FCC can design different pricing schemes based on
the estimation for the profitability of 4G and Wi-Fi
services5 .
3.2

Service Model

3.2.1 Network Capacity
We assume that the expected data rate required by
a user is δ 67 . The capacity of 4G network is f (Sg ),
under an exclusive spectrum license and an efficient
interference management, in which f (·) is a nondecreasing function. The capacity of Wi-Fi network
is f (ηSw ), where η < 1 is the interference parameter
and characterizes the low spectrum efficiency in sharing the unlicensed band with other Wi-Fi networks
and other unlicensed services (e.g., ZigBee devices,
Bluetooth devices, and cordless phones) [21]. So the
maximum number of concurrent in-service users that
can be supported by 4G service and Wi-Fi service
is f (Sg )/δ and f (ηSw )/δ, respectively. We consider
the requirement of data rate instead of bandwidth,
circumventing the complicated issue of interference
management. Thus, our setup can be easily generalized and applied to different types of technologies, as
long as we are able to characterize the relationship
between bandwidth and capacity.
3.2.2 Network Coverage
The transmission range of a cellular base station is
in the order of kilometers, being able to serve users
over a large contiguous area. 4G operators generally
deploy enough base stations to realize full coverage.
Hence, we assume that the future 4G network’s coverage is 1 (full coverage) in the new spectrum8 .
Though improved greatly on existing Wi-Fi, the
Super Wi-Fi is still limited in coverage. For example,
the Super Wi-Fi base station launched by Altai has
a signal coverage of 500m in radius [22]. According
5. In this paper, we consider the case that φg (·) and φw (·) are
determined by the FCC, unlike the spectrum auction where the
operators’ bids determine the price. In the future work, we will
study the situation where the operators have the right to (partly)
decide the spectrum fee.
6. The main results will still hold if we allow a user to have
different data rate requirements under the Wi-Fi and 4G services.
7. The 4G service can satisfy a user’s fixed δ requirement, as
licensed spectrum access can ensure QoS. Thanks to the better
propagation characteristics of the White Space than the ISM band,
future Super Wi-Fi network also intends to provide QoS-guaranteed
service to satisfy users’ fixed δ requirement [14]. In the future
work, we plan to consider the case where users have heterogeneous
demands.
8. At the regions where 4G base stations haven’t been deployed
yet, subscribers can still enjoy cellular service through the existing
3G network [7].
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to [23], approximately 700 traditional Wi-Fi access
points would be needed to cover the same area as
one cellular base station does under the current technology, but such a dense deployment to achieve full
coverage will have a formidably high cost. Even if using the whitespace spectrum with better propagation
characteristics (due to low frequency), the existing ad
hoc deployment of Wi-Fi may not be able to achieve
a full coverage. Hence, we assume Wi-Fi network’s
coverage θ < 1.
3.2.3

Stage I – Spectrum allocation
Player: the FCC
Decisions: spectrum allocation Sw and Sg
Objective: joint income and user aggregate utility maximization

Stage II – Service competition game
Players: 4G operator and Wi-Fi operator
Decisions: service prices pw and pg
Objective: profit maximization

Stage III – Market response
Players: end users
Decision: choose 4G, Wi-Fi or neither
Objective: utility maximization

Service Price

We assume that the Wi-Fi and 4G operators charge pw
and pg per subscriber, respectively, as long as the data
rate requirement is fulfilled [24]. We consider N wireless users who are potential Wi-Fi or 4G subscribers.
The numbers of users who eventually choose the two
services (called subscribers) are denoted by Nw and
Ng , respectively. Naturally we have Nw +Ng ≤ N . For
each network, the operator needs to perform admission control if its subscribers’ total demand exceeds
the network capacity, hence we have Nw ≤ f (Sg )/δ
and Ng ≤ f (ηSw )/δ at the equilibrium.

3.3 User Preference
Users are different in their preferences for the coverage of Internet access. We characterize such heterogeneity by a type parameter α ∈ [0, A], which
represents users’ sensitivity due to their mobility [25].
A user with a higher mobility prefers a higher network coverage, while a user who always stays at one
location is less sensitive to network coverage in other
places. Therefore, a higher mobility user will have
a higher preference for coverage than for price. For
simplification, we assume that α follows a uniform
distribution in [0, A] in the following analysis9 .
For a type α user, he achieves a utility uα
g = α − pg
if choosing 4G10 , and a utility of uα
=
αθ
− pw if
w
choosing Wi-Fi. All users have the same reservation
utility u0 ≥ 0, which means that a type α user will
α
choose neither 4G nor Wi-Fi if max{uα
g , uw } < u0 .
To summarize, a type α user’s service choice is as
follows11 :

α
α
if uα
 4G service,
g ≥ uw and ug ≥ u0
α
α
α
Wi-Fi service, if uw > ug and uw ≥ u0

No service,
otherwise.

(1)

9. Uniform distribution of the QoS sensitivity is commonly used
for tractable analysis and changing to another continuous distribution is unlikely to change the key results (see [24] and [26]).
10. If choosing 4G, the user’s utility is uα
g = α · 1 − pg , as the 4G
coverage is 1.
11. In this paper, we assume that each user can choose at most
one service. In future work, we will study the case when a user
may choose both Wi-Fi and 4G services at the same time.

Fig. 2: Three stages of the dynamic game.

4

T HREE -S TAGE G AME F RAMEWORK

The three-stage game model is illustrated in Fig. 2,
showing the game players, what decisions they make
and their objectives.
4.1

Stage I - Spectrum Allocation

The FCC decides the spectrum allocation Sw and Sg to
maximize its utility, Uf , which is the weighted sum of
the end users’ aggregate utility Uuser and the FCC’s
income,
Ufβ = βUuser + φg (Sg ) + φw (Sw ).
(2)
Here the weight β ≥ 0, representing how much the
FCC values the user utility over its income. The FCC
can adjust β to tailor for different spectrum allocation
purposes. In the benchmark case, where the FCC only
cares about its income, β = 0. If the FCC cares more
about user utility than its income, then β can be set
larger than 1. We define end users’ aggregate utility
as the weighted sum of Wi-Fi subscribers’ enjoyed
coverage and 4G subscribers’ enjoyed coverage:
Z
Z
1
θ
dα + ω2
dα
Uuser = ω1
A
A
Wi-Fi subscribers

=

4G subscribers

ω1 θNw
ω2 Ng
+
.
N
N

(3)

where the first term is Wi-Fi subscribers’ aggregated
valuation of coverage, and the second term is 4G
subscribers’ aggregated valuation of coverage. The parameters ω1 and ω2 represent the relative importance
of Wi-Fi and 4G network from the FCC’s point of
view. End users’ aggregate utility is determined by
the numbers of subscribers to the Wi-Fi service and 4G
service (Nw and Ng ), which are directly affected by the
service prices pw and pg decided by the two operators,
and indirectly affected by the spectrum allocation Sw
and Sg decided by the FCC.
4.2 Stage II - Service Competition Game
After observing the spectrum allocation in Stage I,
two operators play a pricing game in Stage II, where
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they determine the prices of their own services to
maximize the profits. The profit of the 4G operator is
the difference between the revenue and the spectrum
payment:
Ug = Ng pg − φg (Sg ).
(4)
The profit of the Wi-Fi operator is the difference
between the revenue and the spectrum payment:
Uw = Nw pw − φw (Sw )

each of the subgame of the whole game. In other
words, no player at SPE will deviate unilaterally from
his equilibrium strategy.
In Sections 5 to 7, we will derive the SPE of the
three-stage game using backward induction, that is,
first to find the SPE of Stage III, then to find the SPE
of Stage II and III together, finally to find the SPE of
the whole game with three stages.

(5)

Apart from the cost of paying for spectrum, the
cost for the Wi-Fi and 4G operators will also include
the operating expense (OPEX) and the capital expense
(CAPEX). If the OPEX and CAPEX are fixed and
do not depend on the subscriber numbers or the
amount of spectrum, our analytical results are directly
applicable as long as those costs can be compensated
by the profits made by the two operators. On the other
hand, if the OPEX and CAPEX are functions of either
subscriber number or the amount of spectrum, they
will affect the computation of the equilibrium. For
example, if the OPEX is an increasing function of the
subscriber number, then the service prices of both WiFi and 4G in Stage II will be higher. The influence on
the spectrum allocation is more complicated, since we
have to compare the OPEX and CAPEX of Wi-Fi and
4G. We will leave the detailed study of the impact of
OPEX and CAPEX in a future work.
4.3 Stage III - Market Response
After observing the prices of 4G and Wi-Fi services,
each user compares and decides which service to
subscribe (or not to subscribe to any service at all).
A user may be rejected by a network if the users’
demand exceeds the network’s capacity.
4.4 Nash Equilibrium and Subgame Perfect Equilibrium
We introduce the concept of Nash Equilibrium and
Subgame Perfect Equilibrium as follows [27]:
Definition 1: Nash Equilibrium: Consider a game
{I, (Si )i∈I , (ui )i∈I }, where I is the set of players, Si
is the strategy set of player i ∈ I, and ui is the utility
of player i ∈ I. Let s = (si , s−i ) denote the strategy
profile of all users, where s−i includes the strategy
choices of all players other than i. Denote S = Πi Si
as the set of all strategy profiles. A strategy profile
s∗ ∈ S is a (pure) Nash Equilibrium if and only if
ui (s∗i , s∗−i ) ≥ ui (si , s∗−i ) is true for all i ∈ I.
The game that we consider is a dynamic game,
where players act sequentially in multiple stages. A
subgame is part of a dynamic game, and we have
three subgames here. Stage III is a subgame, Stages II
and III together is another subgame, and the whole
game with three stages is also a subgame.
Definition 2: Subgame Perfect Equilibrium (SPE): A
strategy profile of the three-stage game is an SPE if the
choices of the FCC, the 4G and the Wi-Fi operators,
and the end users constitute a Nash Equilibrium in

5

S TAGE III: M ARKET R ESPONSE

In Stage III, users can observe the service prices given
in Stage II: pw and pg . Recall that the subscriber
numbers of the Wi-Fi and 4G services are Nw and Ng ,
respectively. The following Proposition 1 gives the Nw
in response to pw ; and Proposition 2 gives the Ng in
response to pg .
Proposition 1: Given Wi-Fi capacity f (ηSw ), Wi-Fi
subscriber number Nw in response to Wi-Fi price pw
and 4G price pg is as follows12 :


f (ηSw )
,
(6)
Nw = min N w ,
δ
where
Nw =

N
Aθ(1−θ) [θpg − pw − (1 − θ)u0 ], if pw > pg − (1 − θ)A,
N
otherwise.
Aθ [−pw + θA − u0 ],
(7)
Proposition 2: Given the 4G capacity f (Sg ), 4G subscriber number Ng in response to 4G price pg and
Wi-Fi price pw is as follows:


f (Sg )
,
(8)
Ng = min N g ,
δ
where
Ng =

N
1
A(1−θ) [−pg + pw + (1 − θ)A], if pg > θ [pw + (1 − θ)u0 ],
N
otherwise.
A [−pg + A − u0 ],
(9)
The number of Wi-Fi subscribers corresponding to
Proposition 1 is shown in Fig. 3, which shows how the
number of Wi-Fi subscribers Nw changes with the WiFi price pw , given different capacity constraints and
competitor’s service price13 . We show two different
′
capacity constraints f (ηSw
)/δ and f (ηSw )/δ, in which
′
Sw > Sw (see the two subfigures (a) and (b)); and two
curves (solid line shows the overlapped area; dotted
line and dot dash line show the difference) under two
different competitor’s prices p′g < pg . We have the
following observations.
• Influence of the service’s own price: For all curves,
the higher the Wi-Fi service price, the smaller the
12. The numbers of subscribers to both services are expected values, since the user type α follows a uniform distribution. Therefore,
the resultant utility of the two operators and the FCC are also
expected values. To have a clean presentation, we omit notation
E[·] on these variables.
13. The analysis of Proposition 2 is similar to that of Proposition
1, therefore we ignore it here due to page limitation.
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Nw

f ( Sw )

!w

Given pg
Given pg’

pw

(a) Low capacity constraint
Nw
f ( S 'w )

!w

Given pg’

Given pg

pw

(b) High capacity constraint
Fig. 3: Number of Wi-Fi subscribers in Stage III, under
two different cellular prices p′g < pg .
Wi-Fi subscriber number. The slope of each curve
changes at the point when pw = pg − (1 − θ)A (or
p′g if the 4G price is p′g ). The reason is that, when
pw < pg − (1 − θ)A, we can prove that users of all
types prefer Wi-Fi service (to 4G service) because
of the Wi-Fi’s low price. Without competition
from 4G, the increase in the Wi-Fi price induces
a mild decline of the Wi-Fi subscriber number.
In contrast, when pw > pg − (1 − θ)A, Wi-Fi
faces competition from 4G, therefore Wi-Fi loses
subscribers faster with the increase of the Wi-Fi
price pw .
• Influence of the competitor’s price: The 4G price
mainly horizontally “shifts” the curves in Fig. 3
without changing the slopes. When 4G has a low
price (p′g ), more users will be attracted to the 4G
service, leading to fewer Wi-Fi subscribers.
• Influence of the capacity constraint: When the spec′
trum level for Wi-Fi is high (e.g., Sw
in Fig. 3.(b)),
′
the capacity constraint f (ηSw )/δw does not affect
the subscriber number, because the W-Fi network
has enough capacity even if all users subscribe
to Wi-Fi; However, when the spectrum level for
Wi-Fi is low (e.g., Sw in Fig. 3.(a)), the capacity
limits the number of subscribers that the Wi-Fi
can support when the Wi-Fi price is low. In this
case, the further decrease in Wi-Fi price cannot
further increase the Wi-Fi subscriber number.

6

S TAGE II - S ERVICE C OMPETITION G AME

In Stage II, given the spectrum allocations from the
FCC, two operators need to optimize their prices
based on the analysis of user behavior in Stage III.

Definition 3 (Best Response): Given the 4G service
price pg , the Wi-Fi operator’s best response
price is p∗w (pg ), such that Wi-Fi operator’s profit
Uw (p∗w (pg ), pg ) ≥ Uw (pw , pg ) for any pw ≥ 0. The
4G service’s best response p∗g (pw ) can be defined
similarly.
According to the analysis in Section 5, the subscriber number of a service is affected by the spectrum
allocation of that service, in particular, whether the
spectrum level is 
low (that constrains
the subscriber

f (ηSw )
w)
=
in (6) or
number, i.e., min N w , f (ηS
δ
δ


f (Sg )
f (Sg )
= δ in (8)) or high (that has no
min g w , δ
influence on the subscriber number). Intuitively, the
spectrum allocations will also affect the two service
prices. Let’s define two 
thresholds14 : 
1 −1 N δ(θA − u0 )
,
Sf
w = f
η
θ(2 − θ)A


(10)
N δ(A − u0 )
−1
f
.
Sg = f
θ(2 − θ)A

which distinguish whether the spectrum level of Wi-Fi
or 4G service is low or high. If Sw ≥ Sf
w , the capacity
of Wi-Fi is able to support all the potential users who
want to subscribe to Wi-Fi service; if Sw < Sf
w , the
number of Wi-Fi subscribers will be limited by the
Wi-Fi capacity, and some of the users who want to
subscribe to Wi-Fi service have to be rejected. The
meaning of Seg can be understood similarly for the
4G service. If the total user number N or the user
requirement δ is high, then both thresholds are high.
For the Wi-Fi service, if the spectrum efficiency η is
low, the threshold becomes high, since more spectrum
are needed to achieve the same capacity.
In the following, we will first exploit the best responses of the Wi-Fi operator and the 4G operator,
respectively. Then, we will examine the fixed point of
the two operators’ best response functions in order to
determine the Nash Equilibrium (NE).
6.1

The Wi-Fi Operator’s Best Response

Proposition 3: Define pw = [θpg − (1 − θ)u0 ]/2. Given
the 4G operator’s service price as pg , the best response
of the Wi-Fi operator p∗w (pg ) is as follows.
f
• Low Wi-Fi Spectrum Level. If Sw ≤ S
w , the best
response price for the Wi-Fi operator is
p∗w (pg ) =

pw ,








(ηSw )
2pw − Aθ(1−θ)f
,
Nδ





p − (1 − θ)A,


 g

if ( 1θ − 1)u0 ≤ pg ≤
(ηSw )
( 1θ − 1)u0 + 2A(1−θ)f
Nδ
2A(1−θ)f
(ηSw )
if ( θ1 − 1)u0 +
Nδ
w)
< pg ≤ A − u0 − AθfN(ηS
δ
Aθf (ηSw )
if A − u0 −
<
Nδ
pg ≤ A − u 0
(11)

14. Refer to the online technical reports [17] for the derivation of
the two thresholds.
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pw* ( pg )

response price for the 4G operator is
p∗g (pw ) =

pg ,








A(1−θ)f (Sg )
,
2pg −
Nδ




1


 θ [pw + (1 − θ)u0 ],


q A - u0

u0 (1 - q ) / q

A - u0

pg

(a) High Wi-Fi spectrum level
•

pw* ( pg )

q A - u0

if 0 ≤ pw
2A(1−θ)f (Sg )
≤
− (1 − θ)A
Nδ
2A(1−θ)f (Sg )
if
−
(1 − θ)A
Nδ
Aθf (S )
< pw ≤ θA − u0 − N δ g
Aθf (S )
if θA − u0 − N δ g
< pw ≤ θA − u0
(13)
fg , the best
High 4G Spectrum Level. If Sg ≥ S
response price for the 4G operator is

p∗g =

if 0 ≤ pw ≤ 1−θ
 pg ,
2−θ (θA − 2u0 )
1
1−θ
[p
+
(1
−
θ)u
],
if
(θA
−
2u0 ) <
0
2−θ
 θ w
pw ≤ θA − u0
(14)
6.3 Equilibrium Prices

To derive the equilibrium Wi-Fi and 4G prices, we
have to jointly consider the best responses of Wi-Fi
pg
u0 (1 - q ) / q
A - u0
and 4G operators. As analyzed in Sections 6.1 and 6.2,
(b) Low Wi-Fi spectrum level
when the spectrum level for Wi-Fi and 4G operators
Fig. 4: Wi-Fi operator’s best response p∗w (pg )
are low or high (compared with the thresholds Sew and
f
Seg defined in (10)), the best responses of Wi-Fi and
• High Wi-Fi Spectrum Level. If Sw >Sw , the best
4G operators are different. However, to characterize
response price for the Wi-Fi operator is
the spectrum conditions for the equilibrium prices,
p∗w =
we need two different thresholds Sbw and Sbg . These

1−θ
1
pw ,
if ( θ − 1)u0 ≤ pg ≤ 2−θ (2A − u0 )two thresholds decide the high and low regimes of
1−θ
(2A − u0 ) < pg ≤ A − u0 spectrum allocation for Wi-Fi and 4G services. When
pg − (1 − θ)A, if 2−θ
(12) the FCC’s spectrum allocation at Stage I falls into
different regimes, the two operators’ best response
Fig. 4 shows Wi-Fi operator’s best response in case functions will be determined by Sew and Seg (Eq. (11)
of high and low Wi-Fi spectrum levels. When pg is or (12) for Wi-Fi operator and Eq. (13) or (14) for
extremely low, p∗w (pg ) has to remain zero in order 4G operator), then the intersection points of the two
to attract users (the leftmost flat line at each subfig- piecewise best response functions will be determined
ure). Then, p∗w (pg ) increases with pg . When the Wi-Fi by Sbw and Sbg .
spectrum level is high (subfigure (a)), the subscriber


1 −1 N δ(θA − 2u0 )
number is not affected by the capacity. The slope of
c
,
Sw = f
η
θ(4 − θ)A
p∗w (pg ) is first small, then becomes large when pg


(15)
N δ(2A − u0 )
becomes too high and no users choose 4G service.
−1
c
.
Sg = f
Hence the Wi-Fi operator can increase its price more
(4 − θ)A
aggressively in the high 4G price regime without
Theorem 1: In Stage II, a unique equilibrium exists.
losing many potential subscribers. However, when
The equilibrium prices of the Wi-Fi and 4G services
Wi-Fi spectrum level is low (subfigure (b)), the slope
are summarized in Table 1. The four spectrum condiof p∗w (pg ) has a medium value between the small and
tions are characterized as
large values, where the subscriber number is bounded
• Case Lw Lg (low Wi-Fi Spectrum, low 4G Specby the capacity, and the Wi-Fi operator increases its
c
trum): Sw ≤ Sc
w , Sg ≤ Sg ;
price at a rate that balances the user demand and the
• Case Hw Lg (high Wi-Fi Spectrum, low 4G Speccapacity constraint (see the online technical report [17]
c
trum): Sw > Sc
w , Sg ≤ Sg ;
for more details).
• Case Lw Hg (low Wi-Fi Spectrum, high 4G Specc
trum): Sw ≤ Sc
w , Sg > Sg ;
6.2 The 4G Operator’s Best Response
• Case Hw Hg (high Wi-Fi Spectrum, high 4G SpecProposition 4: Define pg = [pw + (1 − θ)A]/2. Given
trum): Sw > Sbw , Sg > Sbg .
the Wi-Fi operator’s service price as pw , the best
There exists a unique equilibrium because the best
response of the 4G operator p∗g (pw ) is as follows.
responses of two operators intersect only once (interfg , the best ested readers can check Figures 4∼12 in the technical
• Low 4G Spectrum Level. If Sg ≤ S
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TABLE 1: Equilibrium price in Stage II
Lw Lg
H w Lg
Lw H g
Hw Hg

4G service price pg

Wi-Fi service price pw

A[θf (ηSw )+f (Sg )]
Nδ
2Af (Sg )
(1−θ)[2A−u0 −
]
Nδ
2−θ
θAf (ηSw )
]
(1−θ)[A−u0 −
Nδ
2−θ
1−θ
(2A − u0 )
4−θ

θA−u0 −

A−u0 −

Aθ[f (ηSw )+f (Sg )]
Nδ
θAf (Sg )
(1−θ)[θA−u0 −
]
Nδ
2−θ
2θAf (ηSw )
]
(1−θ)[θA−2u0 −
Nδ
2−θ
1−θ
(θA − 2u0 )
4−θ

TABLE 2: SPE subscriber number in Stage III
Lw Lg
H w Lg
Lw H g
Hw Hg

Wi-Fi subscriber number

4G subscriber number

f (Sg )
δ
N(θA−u0 )
1 f (Sg )
− 2−θ
(2−θ)Aθ
δ
f (ηSw )
δ
N(θA−2u0 )
(4−θ)Aθ

f (ηSw )
δ
f (Sg )
δ
N(A−u0 )
θ f (ηSw )
− 2−θ
(2−θ)A
δ
N(2A−u0 )
(4−θ)A

report [17]) for more details. Note that we have different thresholds for low or high spectrum levels in
Theorem 1 and Propositions 3 and 4. We can easily
f
c f
prove that Sc
w < Sw and Sg < Sg . One of the reasons
that we have different spectrum thresholds is that, the
capacity constraint may affect the best response of WiFi operator as shown in Fig. 4, but may not affect the
equilibrium price if the intersection of the two best
responses does not fall into the transition phase in
Fig. 4. In order for the intersection of the two best
responses (and the resulting equilibrium prices) to be
within the transition phase (which reflects the impact
of capacity constraint), the spectrum thresholds Sbw
and Sbg need to be even smaller. Detailed derivation
of Sbw and Sbg is in the online technical report [17].
An interesting observation is that the equilibrium
prices are only affected by the spectrum level of the
service that has low spectrum level. More specifically:
1) when both the Wi-Fi and 4G spectrum levels are
high (the Hw Hg case), the equilibrium prices do not
rely on the spectrum allocation; 2) when the 4G
spectrum level is low but the Wi-Fi spectrum level
is high (the Hw Lg case), both the Wi-Fi and 4G price
will decrease with Sg ; we have the similar observation
when the Wi-Fi spectrum level is low but the 4G
spectrum level is high (the Lw Hg case); 3) when both
the Wi-Fi and 4G spectrum levels are low (the Lw Lg
case), the equilibrium prices decrease in both Sg and
Sw . This is because the spectrum level only affects a
service’s best response price when it is low, in which
case it will further affect the equilibrium prices.
6.4 Subgame Perfect Equilibrium
Once we have the equilibrium prices in Stage II, we
can determine the user subscriber numbers in Stage
III at the SPE according to the analysis in Section 5.
Corollary 1: The equilibrium prices in Stage II result
in such subscriber numers in Stage III that Nw = Nw
and Ng = Ng , in which Nw and Ng are defined in (7)
and (9), respectively.
The subscriber numbers at the SPE (Stage II and
III together) under different spectrum allocations is
summarized in Table 2. We can see that if one service

has low spectrum level, the subscriber number of that
service equals its capacity. However, if one service
has a high spectrum level, the subscriber number
of that service is less than its capacity. This means
that the network will reserve some capacity in this
regime in order to maximize the profit. Understanding
the influence of spectrum allocation on the subscriber
number can help the FCC to achieve a better balance
between user benefits and income.

7

S TAGE I - S PECTRUM A LLOCATION

In Stage I, the FCC optimizes its spectrum allocation
based on the prediction of the equilibrium prices in
Stage II (Table 1) and the subscriber numbers in Stage
III (Proposition 1 and 2).
We first analyze the end users’ aggregate utility
Uuser in (3). As an example, we assign ω1 = ω2 = 1,
i.e., we view Wi-Fi and 4G networks as equally important15 . According to Corollary 1, we have Nw =
N w , Ng = N g , in which Nw and Ng are defined in (7)
and (9), respectively. Thus we have
1
1
(θNw + Ng ) = − (pg − A + u0 ), (16)
N
A
which depends on 4G price pg , which further depends
on the spectrum allocations Sw and Sg according to
Table 1. In the following analysis, we focus on the
derivation of Sw , by keeping in mind that Sg = S−Sw .
To derive clean insights for FCC’s spectrum allocation
to 4G and Wi-Fi services, we assume that A = 1 and
u0 = 0.
7.1 Income-centric Spectrum Allocation Benchmark
Uuser =

We first derive the spectrum allocation when the FCC
only cares about its income, a special case with β =
0 that serves as a benchmark to compare with our
proposed spectrum allocation with a positive β.
FCC’s income-only utility is Uf0 = φg (Sg ) +
φw (Sw )= φg (S − Sw ) + φw (Sw ). The first order partial
∂U 0

derivative with respect to Sw is ∂Swf = −φ′g (S −
Sw ) + φ′w (Sw ). The second order partial derivative
∂2U 0

is ∂S 2f = φ′′g (S − Sw ) + φ′′w (Sw ). We assume that
w
φ′′g < 0 and φ′′w < 0, which means that the unit
price (charged by the FCC to the network operators)
will decrease as the spectrum increases16 . This means
that Uf0 is a strictly concave function of Sw , and we
0∗
can obtain the income maximizing Sw
by solving
0
17
∂Uf /∂Sw = 0 . The spectrum allocation to the 4G
15. Our results can also be extended to different weights of ω1
and ω2 when the FCC has different preference towards serving
users, e.g., if he intends to focus on high-end users, he would pay
more attention to 4G service with ω1 < ω2 .
16. This is reasonable because, according to diminishing marginal
returns [28] in economics, the marginal improvement in transmission QoS will decrease as the quantity of spectrum increases while
keeping other factors constant. So the FCC should charge a smaller
unit price as the quantity of spectrum increases.
0,opt
0,opt
<
17. Let Sw
denote the root of ∂Uf0 /∂Sw = 0: if Sw
0,opt
0,opt
0∗
0∗
0∗
0, Sw = 0; if Sw
> S, Sw = S; otherwise, Sw = Sw .
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TABLE 3: Equilibrium spectrum allocation in Stage I
Spectrum allocation
Lw Lg
H w Lg
Lw H g
Hw Hg

opt
Sw
satisfies
opt
opt
β[θηf ′ (ηSw
)−f ′ (S−Sw
)]
opt
opt
− φ′g (S − Sw
) + φ′w (Sw
)=
Nδ
opt
2β(1−θ)f ′ (S−Sw
)
opt
opt
′
′
−
φ
(S
−
S
)
+
φ
(S
)
=
0
−
w
w
g
w
(2−θ)Nδ
opt
βθ(1−θ)ηf ′ (ηSw
)
opt
opt
′
′
− φg (S − Sw ) + φw (Sw ) = 0
(2−θ)Nδ
opt
opt
−φ′g (S − Sw
) + φ′w (Sw
)=0

0∗
network is then S − Sw
. Such a spectrum allocation
scheme only depends on how the FCC designs the
payment function φg and φw , without considering
end users’ aggregate utility. The analysis in Section
7 is applicable to general forms of Φg and Φw . In
Section 8, when we perform numerical study of the
bound of income loss and aggregate user utility, we
will consider polynomial functions of Φg and Φw . The
study of the optimal design of Φg and Φw as well as
their influences on the spectrum allocation will be a
future work.

7.2 Proposed Spectrum Allocation
When jointly considering end users’ utility and the
FCC’s income, the FCC maximizes its utility as in
(2). We assume that the second derivative of capacity
function f ′′ (·) < 0, which means that capacity per
unit spectrum will decrease due to limitations such as
interferences. Therefore, (2) is still a concave function
of Sw .
Theorem 2: In Stage I, equilibrium spectrum allocation for Wi-Fi service is
 lower
opt
lower
, if Sw
< Sw
 Sw
∗
opt
lower
opt
upper
Sw =
S ,
if Sw
≤ Sw
≤ Sw
(17)
 w
upper
opt
upper
Sw
, if Sw > Sw

opt
upper
lower
in which Sw
, Sw
, Sw
are summarized in Table
3, and the equilibrium spectrum allocation for 4G
∗
service is Sg∗ = S − Sw
.
Corollary 2: More spectrum allocation to the service
with a low spectrum level. If one operator receives
a low spectrum allocation and the other operator
receives a high spectrum allocation in the incomecentric benchmark (with β = 0), then our proposed
scheme (with β > 0) will allocate more spectrum to
the operator with the low spectrum allocation (hence
less spectrum to the other operator).
Corollary 2 shows that if the income-centric approach leads to a very imbalanced spectrum allocation
across two operators (one low and one high), making
the allocation more balance can improve the users’
aggregate utility.
Corollary 3: More spectrum allocation to 4G service
when both service have low spectrum level. If both operators receive low spectrum allocations (based on their
own thresholds, respectively) in the income-centric
benchmark (with β = 0), then our proposed scheme
(with β > 0) will allocate more spectrum to the 4G
operator (hence less spectrum to the Wi-Fi operator).
Corollary 3 shows that the FCC tends to prioritize
alleviating the spectrum shortage of 4G network first,

0

upper
Sw
Sbw

lower
Sw
S − Sbg

S

bg )
max(Sbw , S − S

bw )
min(S − Sbg , S
b
S − Sg

0
bw
S

partly due to the 4G service’s wider coverage and
high spectrum efficiency.
According to Table 3, we also have the following
insights:
• When both services have a high spectrum level
in the income-centric benchmark, the further consideration of users’ utility does not change the
spectrum allocation. In the case of Hw Hg in Table
3, the spectrum allocation results are the same
as the income-centric spectrum allocation. This
shows that when spectrum resource is abundant,
maximizing the FCC’s income does not hurt
users’ utility.
• The equilibrium spectrum allocation is closely
related to the Wi-Fi network coverage θ and
spectrum efficiency η. For example, in the case
of Lw Lg in Table 3, if θ or η increases, the
spectrum allocation to Wi-Fi Sw increases (since
φ′w (Sw ) − φ′g (S − Sw ) decreases). This means that
the FCC will allocate more spectrum to Wi-Fi if
the Wi-Fi’s network coverage or spectrum efficiency are improved (hence become similar as the
4G network).
7.3 Subgame Perfect Equilibrium of the Entire
Game
By substituting Sw and Sg in Table 1 and 2 with
∗
∗
Sw
and S − Sw
, we get the SPE service prices and
subscriber numbers. Now we analyze how the consideration of user utility affects the equilibrium prices in
Stage II and subscriber number in Stage III, compared
with the income-centric spectrum allocation. We focus
on the first three cases, as our scheme is the same as
the income-centric benchmark in the Hw Hg case.
7.3.1 Case Lw Lg
In the SPE, the FCC’s utility becomes
∗
θf (ηSw
) + f (Sg∗ )
∗
Uf = φg (Sg∗ ) + φw (Sw
) +β
δN
|
{z
}
|
{z
}
′
F CC s income

(18)

user aggregate utility

As some spectrum is moved from Wi-Fi to 4G
(compared with the income-centric benchmark), the
value of f (ηSw ) + f (Sg ) will increase. According to
Table 1, both service prices pg and pw decrease. It is
easy to understand for the 4G operator, which reduces
price pg to attract more users because the 4G capacity
increases. Counter-intuitively, the Wi-Fi operator also
reduces price pw , even though the Wi-Fi capacity
decreases. The reason is that the 4G service, with a
higher spectrum efficiency, is able to support more
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Ng

Ng

f (Sg )

f (Sg )

d

d

pg

pg

p*g pg0*
Nw

p

(a) 4G subscribers

Nw

f (h S w )

*
g

pg0*

(a) 4G subscribers

f (h S w )

dw

dw

pw

pw

pw* pw0*

pw* pw0*

(b) Wi-Fi subscribers

(b) Wi-Fi subscribers

Fig. 5: Change of subscriber number in case of low
Wi-Fi spectrum and low 4G spectrum.

Fig. 6: Change of subscriber number in case of high
Wi-Fi spectrum and low 4G spectrum.

users with the same amount of spectrum compared
with the Wi-Fi. Therefore, the subscriber churn from
Wi-Fi to 4G reduces the need for Wi-Fi spectrum more
than the amount of spectrum that has been moved to
4G. Hence the Wi-Fi operator needs to reduce price
pw to attract more low-end subscribers, to utilize the
available Wi-Fi spectrum due to subscriber churn.
The change of subscriber numbers is shown in
Fig. 5. The solid lines are the income-centric benchmark (with the corresponding equilibrium prices p0∗
g
and p0∗
w ). The dashed lines are the allocation under
our proposed scheme (with the corresponding equilibrium prices p∗g and p∗w ). The 4G subscriber number
Ng increases due to the following reasons: 1) The
4G capacity increases, and can serve more users;
2) The 4G price pg decreases more than the Wi-Fi
price pw , making some previous price sensitive WiFi subscribers churn to 4G service.
The Wi-Fi subscriber number Nw decreases due to
the decrease of Wi-Fi capacity (according to Table 2,
in the case of Lw Lg , the Wi-Fi subscriber number is
determined by the Wi-Fi capacity).
If we consider two operators’ subscribers together,
then the total number of 4G and Wi-Fi subscribers
increases, as the decrease in Wi-Fi service price attracts lower-end non-subscribers who previously did
not choose any services.
The users’ aggregate utility increases because: 1)
Some Wi-Fi subscribers churn to 4G service, enjoying
a better network coverage; 2) Some previous nonsubscribers now choose the Wi-Fi service, enjoying a
better network coverage.
7.3.2 Case Hw Lg
In the SPE, the FCC’s utility becomes

∗
Uf = φg (Sg∗ ) + φw (Sw
) +β
|
{z
}
F CC ′ s income


θ
(1 − θ) f (Sg∗ )
+
(2 − θ)N δ
2−θ
{z
}
|



user aggregate utility

(19)
Compared with the income-centric benchmark, the
proposed spectrum allocation has a higher optimal 4G
spectrum allocation Sg∗ (than Sg0∗ ), so both prices pg
and pw are lower according to Table 1. The 4G operator reduces price pg for a similar reason as in the case
of Lw Lg . The Wi-Fi operator reduces price pw also due
to the subscriber churn from Wi-Fi to 4G. Notice that
in the case of Hw Lg , the decrease in Wi-Fi capacity
no longer affects the Wi-Fi operator’s decision, since
the Wi-Fi capacity is excessive compared with its user
demand.
The change of subscriber numbers is shown in
Fig. 6. The major difference between Fig. 5 and Fig. 6
is: Although Nw decreases in both cases (as the spectrum is reallocated from Wi-Fi to 4G), Nw equals to the
Wi-Fi capacity in the Lw Lg case, but is always lower
than the Wi-Fi capacity in the Hw Lg case.
7.3.3 Case Lw Hg
In the SPE, the FCC’s utility becomes


∗
)
1
(1 − θ)θ f (ηSw
∗
∗
Uf = φg (Sg ) + φw (Sw ) +β
+
(2 − θ)N
δ
2−θ
|
{z
}
|
{z
}
F CC ′ s income
user aggregate utility

(20)
∗
Compared with the income-centric benchmark, Sw
0∗
is higher than Sw , so pg and pw both decrease according to Table 1.
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No service

Wi-Fi service

0

A

No service

0

4G service

Wi-Fi service

4G service

A

Fig. 7: User flow in the case of Hw Lg (upper plot) and
Lw Hg (lower plot).
Intuitively, Hw Lg and Lw Hg should have symmetrical interpretations. However, they are different
in terms of user flow as shown in Fig. 7. In the
case of Hw Lg , the increase of 4G users comes from
previous Wi-Fi subscribers, and Wi-Fi attracts nonsubscribers who previous choose no wireless service.
The users’ aggregate utility increases, because each
of the churning subscribers (from Wi-Fi to 4G) and
the new subscribers (from nothing to Wi-Fi) enjoy a
higher utility. In the case of Lw Hg , the increase of WiFi subscribers comes from both previous 4G users and
new users who previously choose nothing. Although
the churning subscribers’ service quality (from 4G to
Wi-Fi) decreases, such loss is compensated by the
increased utility of new subscribers (from choosing
nothing to Wi-Fi).
In summary, in all of the above three cases, when
user utility is considered (with β > 0), the proposed
spectrum allocation will reduce the service price of
both services (compared with income-centric benchmark with β = 0). Some lower-end non-subscribers
who previously did not choose any services will now
choose Wi-Fi service. The total number of 4G and WiFi subscribers and their aggregate utility increase.

8

B OUNDED A LLOCATION I NCOME L OSS

In this section, we analyze the loss of FCC’s income
(compared with the income-centric benchmark), assuming that the spectrum charge functions (φg (·) and
φw (·)) and the capacity function (f (·)) are polynomial18 . We show that the income loss can be analytically upper bounded, and we examine how such loss
depends on several critical parameters including the
weight for user utility β, the Wi-Fi spectrum efficiency
η, and the Wi-Fi network coverage θ. We further
characterize the increase of the users’ aggregate utility
that accompanies the loss of FCC’s income. We again
focus on the three cases of Lw Lg , Hw Lg , and Lw Hg .
8.1 Analysis of income loss and aggregate user
utility bounds
We define the user utility ratio as the ratio between
the users’ aggregate utility of our proposed spectrum
allocation and that of the income-centric benchmark,
18. Here, we study polynomial functions for simplicity. In the
future, we will consider more complex functions and their influence
on the FCC’s income and users’ utility.

denoted by Rutility . We also define the FCC’s income
ratio in a similar fashion, denoted by Rincome . Intuitively, Rutility ≥ 1 and 0 < Rincome ≤ 1. We
are interested in characterizing the upper-bound of
Rutility and the lower-bound of Rincome .
The FCC charges the Wi-Fi and 4G operators based
on functions φw (·) and φg (·) respectively. We assume
that 1) the operators are willing to pay more for
more spectrum, i.e., φw (·) and φg (·) are increasing
functions; 2) the operators’ willingness to pay for each
additional spectrum decreases with the total spectrum
allocation (“diminishing returns”), i.e., φ′w (·) and φ′g (·)
(the first order derivatives) are decreasing functions.
As a concrete example, we assume that φw and φg are
negative quadratic functions which satisfy the above
two properties. For simplicity, we assume that the
network capacity function f (·) is a linear function. In
particular, we have
2
φg (Sg ) = −aSg2 + bSg , φw (Sw ) = −cSw
+ dSw ,

f (Sg ) = eSg , f (ηSw ) = eηSw

(21)

where a, b, c, d, e are positive parameters. We further
assume that S < min{b/(2a), d/(2c)}, which guarantees that φ′g > 0, φ′′g < 0, φ′w > 0, and φ′′w < 0.
Under the income-centric benchmark, we have
2aS + d − b
2(a + c)
(2aS + d − b)2
FCC’s Income: − aS 2 + bS +
4(a + c)
0∗
Wi-Fi Spectrum allocation : Sw
=

8.1.1 The case of Lw Lg :
According to Table 3, we have


eβ
1
∗
2aS + d − b − (1 − θη)
.
Sw =
2(a + c)
δN

(22)

As β increases, the FCC cares more about user
utility. According to Corollary 3, the FCC reallocates
∗
more spectrum from Wi-Fi to 4G, so Sw
decreases.
We can prove that the minimum FCC’s income is
∗
−aS 2 + bS > 0 when Sw
= 0 (with a large enough
β). Therefore, the income ratio is lower-bounded by
Rincome ≥

−aS 2 + bS
−aS 2 + bS +

(2aS+d−b)2
4(a+c)

(23)

Correspondingly, the user utility ratio is the highest
∗
when Sw
= 0 with the following upper-bound:
Rutility =

∗
S
S − (1 − θη)Sw
≤
0∗
0∗
S − (1 − θη)Sw
S − (1 − θη)Sw

(24)

The basic reason for the existence of such an upper
bound is due to the limited spectrum that FCC can
allocate. If the Wi-Fi spectrum efficiency η increases,
the upper-bound of Rutility decreases, because the
spectrum efficiency difference between Wi-Fi and 4G
is smaller, and reallocating spectrum to 4G no longer
significantly increases the overall network capacity
(hence the users’ utility). If the Wi-Fi coverage θ
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increases, the upper-bound of Rutility also decreases,
because the coverage difference between Wi-Fi and 4G
gets smaller, and the Wi-Fi subscribers who churn to
4G obtain a smaller utility improvement.
8.1.2 The case of Hw Lg :
According to Table 3, we have


1
eβ(1 − θ)
∗
Sw
=
2aS + d − b −
.
2(a + c)
δN (2 − θ)
The income ratio is lower-bounded by the same
value as in (23). However, the user utility ratio has
a different upper-bound as follows:
Rutility ≤

(1 − θ)eS + N δθ
0∗ ) + N δθ
(1 − θ)e(S − Sw

(25)

The upper-bound of Rutility decreases in the Wi-Fi
coverage θ for the same reason as in the case of Lw Lg .
However, the upper-bound of Rutility is independent
of the Wi-Fi spectrum efficiency η. This is because
in this case of Hw Lg , the Wi-Fi subscriber number
is lower than the Wi-Fi capacity (determined by η)
according to Table 2, so neither the Wi-Fi subscriber
number change nor the aggregate utility improvement
depend on η. The upper-bound of Rutility decreases in
the total number of users N , because the equilibrium
price gap pg − pw increases with N according to
Table 1. And the increasing price gap deters Wi-Fi
subscribers from churning to 4G for better QoS, so
the utility improvement decreases, that is, the upperbound of Rutility decreases.
8.1.3 The case of Lw Hg :
According to Table 3, we have


eβ(1 − θ)θη
1
∗
2aS + d − b +
.
Sw =
2(a + c)
δN (2 − θ)
As β increases, according to Corollary 2, the FCC
∗
allocates more spectrum to Wi-Fi and Sw
increases. We
can prove that the minimum FCC’s income is −cS 2 +
∗
dS when Sw
= S.
Therefore, the income ratio is lower-bounded by
Rincome ≥

−cS 2 + dS
−aS 2 + bS +

(2aS+d−b)2
4(a+c)

(26)

∗
The user utility ratio is the highest when Sw
= S:
∗
(1 − θ)θηeSw
+ Nδ
(1 − θ)θηeS + N δ
≤
0∗
0∗ + N δ
(1 − θ)θηeSw + N δ
(1 − θ)θηeSw
(27)
If the Wi-Fi spectrum efficiency η increases, the upperbound of Rutility increases, because the spectrum efficiency gap between Wi-Fi and 4G is smaller, and reallocating spectrum to Wi-Fi does not decrease much of
the capacity. The influence of a higher Wi-Fi coverage
θ is two-fold. On one hand, more non-subscribers will
become Wi-Fi subscribers, enjoying a higher network
coverage. On the other hand, more 4G subscribers
will become Wi-Fi subscribers, hence having a lower

Rutility =

network coverage. Which of the two factors dominates depends on the value of θ. When θ > 1/2, the
upper-bound of Rutility decreases in θ, because the
subscriber churn from 4G to Wi-Fi is the dominating
factor. When θ < 1/2, the upper-bound of Rutility
increases in θ, because non-subscribers switching to
Wi-Fi subscribers becomes the dominant factor. The
upper-bound of Rutility decreases in N , because the
equilibrium price pw increases with N according to
Table 1. Non-subscribers are less likely to choose WiFi service, so the utility improvement decreases.
8.2 Impact of User Utility Weight β
Fig. 8 shows the impact of weight β in the case
of Lw Lg . When β increases, the FCC emphasizes
more on the user utility compared with the incomecentric benchmark. Therefore, the user utility ratio
increases and the income ratio decreases with β. When
∗
β becomes very large, Sw
becomes zero according to
∗
(22) and Sg = S, hence the two curves in Fig. 8(a)
become flat (when β > 3.5). As we have proved, the
user utility ratio is upper-bounded and the income
ratio is lower-bounded as shown in Fig. 8(a). As
summarized in Section 7.3, the consideration of user
utility will drive down prices of both services. The
higher the β, the lower the service prices will be, as
shown in Fig. 8(b). No matter how the subscriber
number (Nw and Ng ) changes, the total Wi-Fi and
4G subscriber number increases using the proposed
spectrum allocation, and the higher β is, the higher
the increase will be, as shown in Fig. 8(c).
In the case of Hw Lg , the influences of β on user utility ratio, income ratio, service prices, and subscriber
numbers are similar as Fig. 8, but the slopes of the
curves are steeper. This is because the reallocation of
spectrum from Wi-Fi to 4G is more significant as Wi-Fi
has a high spectrum level.
In the case of Lw Hg , the influences of β on user
utility ratio, income ratio, service prices are similar as
Fig. 8(a) and Fig. 8(b), but the change of Wi-Fi and 4G
subscriber numbers are just opposite to Fig. 8(c) due
to different directions of spectrum reallocation.
In all three cases, the total subscriber number increases in β, since the proposed spectrum allocation
improves the aggregate user utility by covering more
low-end users (with a small α) with the Wi-Fi service.
8.3 Impact of Wi-Fi Spectrum Efficiency η
Fig. 9 shows the impact of Wi-Fi spectrum efficiency
η in the case of Lw Lg . Interestingly, when η increases
(hence Wi-Fi can better utilize the spectrum), the user
utility ratio decreases, as shown in Fig. 9(a). The
reason is that if η is already high, reallocating spectrum from Wi-Fi to 4G does not significantly improve
the spectrum utilization, thus does not improve the
users’ aggregate utility much. Therefore, the FCC will
reallocate less spectrum from Wi-Fi to 4G, resulting in
a smaller utility ratio and a higher income ratio. As
η increases, the Wi-Fi capacity increases, so the Wi-Fi
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Fig. 8: Impact of weight β.
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Fig. 9: Impact of Wi-Fi spectrum efficiency η.

8.4 Impact of Wi-Fi Network Coverage θ
The influence of Wi-Fi network coverage θ is similar to
the influence of Wi-Fi spectrum efficiency η, as they
both reflect the performance of Wi-Fi network. The
major difference is the impacts of these two factors
on the service prices. Fig. 10 shows the case of Lw Hg :
when the Wi-Fi coverage increases, the two service
prices change in different directions. The 4G price
pg decreases because Wi-Fi competes with 4G more
intensely, hence the 4G operator has to reduce the
4G price to maintain its subscribers. The Wi-Fi service
price pw is influenced by two factors: (i) the need to
decrease to match the decreased cellular price pg due
to competition, and (ii) the need to increase to reflect
a better Wi-Fi coverage. Fig. 10 shows that the second
factor dominates and pw increases with its coverage.

1
4G
Wi−Fi

0.9
0.8
0.7

Price

operator decreases pw to attract more users, as shown
in Fig. 9(b). This increases the market competition,
hence forces 4G operator to decrease pg to try to keep
(most of) its subscribers. As shown in Fig. 9(c), the WiFi subscriber number increases due to an increased
Wi-Fi capacity; the 4G subscriber number decreases
due to competition from Wi-Fi; the entire user number
increases thanks to the improved spectrum efficiency
of Wi-Fi network. In the case of Hw Lg , the change
of η does not affect anything. The reason is that
the Wi-Fi spectrum level is high, so the influence of
capacity constraint (f (ηSw )/δ) does not exist. In the
case of Lw Hg , the influences of η on user utility ratio,
income ratio, service prices, and subscriber number
are similar to those in Fig. 9.
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Fig. 10: Impact of Wi-Fi network coverage on service
prices.

9

C ONCLUSION

In this paper, we propose a novel spectrum allocation
scheme that enables the FCC to take into account
both the income and the users’ utility. We model the
wireless market interactions as a 3-stage game, which
involves the FCC, the Wi-Fi and the 4G operators, and
all wireless users. We use backward induction to first
calculate users’ subscription choice in Stage III, then
derive the equilibrium prices of both Wi-Fi and 4G
services in Stage II, and finally obtain the equilibrium
spectrum allocation for the FCC to maximize the
weighted sum of the income and the users’ aggregate
utility in Stage I. Comparing with the income-centric
benchmark, we show that the consideration of users’
aggregate utility will make FCC balance the spectrum
allocation between two operators. We further characterize the lower-bound of the income loss ratio of the
proposed spectrum allocation to the income-centric
benchmark, and provide detailed discussions regard-
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ing the impacts of weight β, Wi-Fi spectrum efficiency
η, and Wi-Fi network coverage θ on the spectrum
allocation, service prices, and user subscription.
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